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Abstract

Quantum machine learning offers a transformative approach to solving com-
plex problems, but the inherent noise hinders its practical implementation in
near-term quantum devices. This obstacle makes it difficult to understand the
generalizability of quantum circuit models. Designing robust quantum machine
learning models under noise requires a principled understanding of complexity
and generalization, extending beyond classical capacity measures. This study
investigates the generalization properties of parameterized quantum machine
learning models under the influence of noise. We present a data-dependent gener-
alization bound grounded in the quantum Fisher information matrix. We leverage
statistical learning theory to relate the parameter space volumes and training
sizes to estimate the generalization capability of the trained model. We provide
a structured characterization of complexity in quantum models by integrating
local parameter neighborhoods and effective dimensions defined through quan-
tum Fisher information matrix eigenvalues. We also analyze the tightness of the
bound and discuss the tradeoff between model expressiveness and generalization
performance.
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1 Introduction

Quantum machine learning (QML) holds the promise of revolutionizing data analy-
sis by leveraging quantum mechanical principles to enhance computational efficiency
and model expressivity [1–3]. Although still in its early stages [4–6], QML has shown
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potential advantages over classical machine learning in certain tasks, such as classifica-
tion [7–9], regression [10], and clustering [11]. A crucial aspect of any machine learning
model, including QML models, is its generalization ability. Generalization refers to a
model’s ability to perform well on unseen data [12–14]. Generalization bounds provide
theoretical guarantees on the performance of a model in new data and play a vital
role in ensuring the reliability and robustness of machine learning models [15–17].

One of the prominent questions in quantum machine learning is understanding
how noise affects the generalizability of models [18–20]. Generalization bounds are
typically derived by bounding a complexity measure of the hypothesis class used for
learning [20]; such measures—like Rademacher complexity, VC dimension, and metric
entropy—quantify the expressiveness or capacity of the model class. These bounds are
especially crucial in the NISQ era [6, 19–23], where devices are characterized by limited
qubit coherence times, suboptimal gate fidelities, and a high susceptibility to noise,
all of which can significantly impact the performance and reliability of QML models.
Several studies have investigated QML generalization bounds—exploring approaches
such as uniform bounds, margin-based bounds, and stability analysis [6, 16, 18–20, 22–
29]. Recent works by Bu et al.[29] have further refined this framework by rigorously
linking the complexity of QML models to their quantum resource content through tai-
lored Rademacher and Gaussian analyses. In particular, they introduce a (p, q)-norm
to quantify the non-stabilizer (or “magic”) resource, demonstrating that the incor-
poration of non-Clifford gates—characterized via free robustness measures—directly
influences the generalization capacity of quantum circuits[28]. These contributions
offer valuable insights into how circuit architecture, data encoding strategies, and
optimization choices affect QML generalization. Concurrently, research has also exam-
ined the broader impact of noise on QML [4, 30–32], emphasizing that noise from
sources such as decoherence [33], gate errors, and other quantum phenomena poses
formidable challenges to developing models that can reliably learn and generalize.
Although several strategies for mitigating noise have been proposed [34, 35, 35, 36],
much of the existing research on QML generalization bounds focuses on idealized,
noise-free quantum computers. Moreover, while the generalization capabilities of quan-
tum neural networks and quantum kernel methods have been explored [37–39], these
bounds are often tailored to specific algorithmic techniques or problems. Some stud-
ies [4, 31, 32, 39–41] further suggest that quantum noisy channels can significantly
hinder QML capabilities. We note that the generalization abilities of quantum neural
network models may also be compromised by the barren plateau phenomenon [31, 42–
47] and that quantum kernel methods can suffer from exponential concentration [40]. It
should be noted that training-induced noise differs from the inherent noise in quantum
devices and is not considered in this work. Consequently, a comprehensive under-
standing of how noise affects the generalization performance of QML models remains
lacking—a gap that is particularly critical in the NISQ era, where noise is unavoidable
and can severely limit the practical applicability of QML algorithms.

This work addresses this gap by investigating the generalization bound for QML
under a noisy channel. Specifically, we consider a scenario where a supervised QML
model is trained on a noisy quantum system, and the goal is to establish a bound
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on its generalization error in the presence of noise. We achieve this goal by leverag-
ing the quantum Fisher information-derived metrics, parameter space volume, and
training sample size into a quantifiable measure of complexity in noisy QML models
and derive the generalization bound for near-term QML models. Our approach inter-
prets complexity as a controllable quantity rather than an abstract or unbounded
factor. Specifically, we consider depolarization noise channels for an experiment to
investigate how this noise affects both the theoretical generalization bound and the
empirical performance of the QML models. The work refines the global bound by
considering local parameter neighborhoods, effective dimensions defined through quan-
tum Fisher information matrix eigenvalues, and conditions that stabilize complexity
growth under noise. The statistical results verify that the proposed local refinements
for the depolarization noise channel provide a more accurate and efficient analysis of
the generalization performance. Consequently, our work bridges abstract theoretical
concepts and the operational needs of quantum learning architectures. The contribu-
tion lies not in proposing new computational primitives but in producing a rigorous
theoretical structure that uses geometric principles to inform model design. Rather
than treating all parameters equally, our approach clarifies that parameter directions
differ in their contribution to predictive performance, making geometric considerations
not just aesthetic choices but practical necessities.

The remainder of this paper proceeds as follows. The next section presents a pre-
liminary background in machine learning and the quantum machine with the formal
setup of binary classification learning problems. We briefly discuss classical and quan-
tum Fisher information in section 3, and the effective dimension in section 4. Section 5
proposes the generalization bound and corollaries followed by a local refinement. A
subsequent section 6 discusses empirical validation through numerical experiments,
confirming the agreement with theoretical predictions. We discuss these results in a
broader context in section 7 and summarize key contributions in section 8. Appendix 8
provides detail in the mathematical derivation of the proposed bound with the
necessary background.

2 Preliminary Definitions

We begin by discussing the fundamental concepts of learning from data and extending
them to the QML framework within a supervised learning setting. Readers already
familiar with the field may skip the following two subsections. For those seeking a
deeper understanding, we recommend the books by [13, 14] for classical learning theory
and the books by [1, 48] for QML and quantum information background.

2.1 Supervised Learning

In supervised learning, we are given the input space X and the output space Y. Let P
be the joint probability distribution over X ×Y and D = {(xi, yi)}Ni=1 be a dataset of
N i.i.d samples drawn from P . Supervised learning aims to learn a function f : X → Y
that maps input to output. Given a training dataset D, the learning algorithm A
selects the best function h from a hypothesis class H. Usually, the elements of H are
parameterized by a vector of parameters θ ∈ Θ, where Θ ⊂ Rd is a parameter space
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of d ∈ N dimension. We may also refer to h as hθ to emphasize the dependence on the
parameters and define the hypothesis class as H = {hθ : θ ∈ Rd}. Please note that
h and f are used interchangeably as hypotheses in the context of learning, and this
might be exhibited in our manuscript, too.

Given two approximations h1, h2 ∈ H, how do we decide which is better? One way
to do that is to define a loss function l : Y × Y → R. The loss function measures
the difference between the predicted output ŷ ∈ R and the true output y ∈ Y. The
learning algorithm aims to find h that minimizes the expected loss (or expected risk)
defined as:

R(h) = E(x,y)∼P [l(y, h(x))]. (1)

The expected risk is the average loss over all possible inputs and outputs. Therefore,
the goal is to find a function h such that l(h) is as small as possible. In practice, we
cannot access the true distribution P ; hence, it is often challenging to compute the
expected risk. Instead, we compute the empirical risk and try to minimize it, also
referred to as the empirical risk minimization (ERM) principle. The empirical risk is
defined as:

R̂(h) =
1

N

N∑
i=1

l(yi, h(xi)). (2)

A central goal of machine learning is to understand how well the empirical risk
approximates the expected risk [12–14, 49]. The difference between the empirical and
expected risks is the generalization error. The generalization error quantifies how well
the model generalizes from the training data to unseen data. A model with low gener-
alization error is said to generalize well, while a model with high generalization error
suggests poor generalization. Generalization error is typically of the form:

GenError = R(h)− R̂(h). (3)

One of the important uses of generalization error is to provide a bound on the expected
risk of the model. We can use the probability to bound the generalization error as:

Pr

[
sup
h∈H

∣∣∣R̂(h)−R(h)∣∣∣ ≤ ϵ] ≥ 1− δ, (4)

where Pr[·] denotes the probability measure, sup is the supremum, ϵ is the error toler-
ance, and δ is the confidence level. The uniform convergence bound given by Eq. (4)
implies that with probability at least 1−δ, the empirical risk of the best hypothesis in
the hypothesis class is close to the expected risk. We can use the uniform convergence
bound approach to provide a bound on the generalization error, i.e., generalization
bound. The generalization bound guarantees how well the model generalizes to unseen
data [50, 51]. Generalization bound is typically of the form:

R(h) ≤ R̂(h) + complexity term, (5)

where the complexity term is often a function of the H and N . Complexity measure
depends on P over X ×Y, and if P is easy to learn, the complexity term will be small.
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In other words, if we are to find the model with the low complexity term, we can
expect the model to generalize well [52, 53].

Alternatively, instead of getting a bound on the probability of the generalization
error, we can obtain an upper bound in generalization error expectations instead. i.e.,
we can bound the expected generalization error as:

ED

[
sup
h∈H

∣∣∣R̂(h)−R(h)∣∣∣] ≤ complexity term, (6)

Where the expectation is taken over the training dataset D. In this work, we focus on
the expected generalization error bound and provide a bound on the expected gen-
eralization error for quantum machine learning models in noisy environments. Before
proceeding, we briefly discuss the quantum machine learning framework.

2.2 Quantum Machine Learning

Unlike classical ML, which relies on deterministic computations, QML leverages the
inherently probabilistic nature of quantum mechanics, enabling it to explore multiple
states simultaneously and potentially solve problems that are intractable classically.
This property allows QML algorithms to operate in high-dimensional Hilbert spaces
with notable efficiency [7, 54]. The central idea in QML for the near-term era is to
encode classical data into quantum states, process them through quantum circuits, and
extract predictions through measurements. The quantum circuit is typically parame-
terized by a set of angles, which are optimized to minimize a chosen cost function. The
optimization process is often performed using gradient-based methods, where the gra-
dients are computed using the parameter-shift rule [55, 56]. Like classical ML models,
the quantum circuit model is trained to minimize the empirical risk. The key differ-
ence is that the quantum circuit model operates on quantum states and measurements,
which can lead to quantum advantages in certain tasks [7, 8]. The generalization prop-
erties of QML models are particularly interesting, as they can provide insights into
the model’s performance on unseen data.

We consider a binary classification setting with a classical input space X ⊂ Rm

and a label space Y = {−1,+1}. Let Hs be a Hilbert space associated with an n-qubit
quantum system, so dim(Hs) = 2n. A central goal is to encode each classical data
point x ∈ X into a quantum state and process it through a parameterized quantum
circuit (PQC) to obtain measurement outcomes that can be interpreted as predictions.

2.2.1 Data Encoding

A key step in quantummachine learning is encoding the classical data x into a quantum
state. Define a feature map ϕ : X → Hs that maps each x ∈ X to a normalized
quantum state |ϕ(x)⟩ ∈ Hs. This encoding can be achieved in various ways, depending
on the hardware constraints and the nature of the data [2, 54]. Ref. [57] is an excellent
resource for understanding data encoding strategies in quantum machine learning. A
common strategy is to apply parameterized single-qubit rotations whose angles depend
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on the components of x:

Rx(xi) = exp(−ixiσx/2), Rz(xi) = exp(−ixiσz/2), Ry(xi) = exp(−ixiσy/2),

where σx, σy and σz are Pauli matrices. These operations can be arranged so that the
m features of x are distributed across nϕ ≤ n qubits, resulting in the encoded state
|ϕ(x)⟩ defined as:

|ψ(x)⟩ = |ϕ(x)⟩ ⊗ |0⟩⊗(n−nϕ) . (7)

2.2.2 Parameterized Quantum Circuit

Following data encoding, we apply a PQC with trainable parameters

θ =
(
θ1, θ2, . . . , θL

)
.

Each θk can represent the rotation angles in single or multi-qubit gates. Mathe-
matically, the PQC is a unitary U(θ) that is typically decomposed into layers of
parameterized gates and entangling (non-parameterized) gates:

U(θ) =

L∏
k=1

Uk(θk),

Where Uk(θk) often acts on one or more qubits. Acting on the initial state |ψ(x)⟩, the
PQC produces

|ψθ(x)⟩ = U(θ) |ψ(x)⟩ , (8)

whose density matrix representation is

ρθ(x) = |ψθ(x)⟩ ⟨ψθ(x)| . (9)

In quantum machine learning, without loss of generalizability, the quantum neu-
ral networks [8, 58, 59] can also be considered PQC. The analogy to classical neural
networks arises because the PQC parameters θ are iteratively optimized (trained) to
minimize a chosen cost function. While backpropagation is central to classical net-
works, the gradient can be computed via specialized quantum techniques, such as the
parameter-shift rule (detailed in Section 2.2.5).

2.2.3 Measurement and Classification

To extract a classical prediction, we measure a designated subset of qubits. In a simple
binary classification scenario, we measure only the first qubit with a two-outcome
measurement described by a positive operator-valued measure (POVM) {M+1,M−1}:

M+1 = |0⟩ ⟨0| ⊗ I⊗(n−1), M−1 = |1⟩ ⟨1| ⊗ I⊗(n−1).
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where |0⟩ =
[
1
0

]
, ⟨0| = |0⟩† and I is an identity matrix. The probability of obtaining

label y ∈ {+1,−1} for input x is then:

ŷ = p(y | x; θ) = Tr
[
My ρθ(x)

]
. (10)

A simple classification rule predicts y = +1 if ŷ ≥ 0.5 and y = −1 otherwise, mirroring
classical threshold-based decision rules.

2.2.4 Training and Optimization

In supervised quantum machine learning, we define a loss function (cost function) L(θ)
that quantifies prediction error across a training set {(xi, yi)}. A typical example is
the cross-entropy loss:

L(θ) = − 1

N

N∑
i=1

[
yi log(ŷi) + (1− yi) log(1− ŷ)

]
. (11)

We then seek optimal parameters θ∗ by minimizing L(θ) via gradient-based methods:

θ ← θ − α∇θL(θ), (12)

Where α is a learning rate. Since the entire computation of p(y | x; θ) is performed by
a quantum circuit, we need a way to obtain ∇θL(θ) from measurement statistics.

2.2.5 Parameter-Shift Rule for Gradient Computation

A popular approach for gradient computation in near-term quantum devices is the
parameter-shift rule [55, 56, 60]. Consider a circuit with a parameterized gate of the
form:

U(θj) = exp
(
−i θj G/2

)
,

where G2 = I (common for single-qubit Pauli rotations). For an observable M
measured at the end of the circuit, the parameter-shift rule states that:

∂

∂θj
⟨M⟩(θ) =

1

2

[
⟨M⟩

(
θj +

π
2

)
− ⟨M⟩

(
θj − π

2

)]
, (13)

where ⟨M⟩(θ) = Tr[M ρθ(x)] is the expectation value of M (or an effective estimator
for p(y | x; θ)). This formula allows one to compute partial derivatives by running
the circuit twice, at shifted parameter values θj ± π

2 . In practice, one repeats these
measurements multiple times to estimate the required probabilities, then aggregates
these partial derivatives across all parameters to form ∇θL(θ).

2.2.6 Practical Considerations and Noise

Current quantum hardware (NISQ devices) are subject to noise and decoherence,
which can degrade performance. In the presence of a noisy quantum channel N , the
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noiseless density operator ρθ(x) transforms into

ρ̃θ(x) = N
(
ρθ(x)

)
. (14)

As a result, the measured probabilities become

p̃(y | x; θ) = Tr
[
My ρ̃θ(x)

]
= Tr

[
MyN (ρθ(x))

]
. (15)

For certain noise channels and measurement bases, this noisy probability p̃(y|x; θ)
may be well-approximated by a differentiable function η : [0, 1]→ (0, 1] of the noiseless
probability η

(
p(y | x; θ)

)
as:

p̃(y|x; θ) = η (p(y|x; θ)) , (16)

with η continuous in the noise rate and η(0) = 1 [61, 62]. This simplification holds, for
example, when the noise operators commute with the measurement operators, as is the
case with a depolarizing channel that acts on states measured on the computational
basis [48, 63–65].

Noise modifies the sensitivity of the output probability distribution to changes in
θ, influencing both trainability (e.g., risk of barren plateaus [8, 46]) and generaliza-
tion [66]. Despite challenges related to data encoding overhead, hardware noise, and
the limitations of near-term devices, PQC-based models remain promising candidates
for quantum advantage in specific domains [59, 67, 68]. Because noise modifies the
sensitivity of output probabilities with respect to variations in θ, analyzing p̃(y|x; θ)
under realistic noise channels is crucial for understanding trainability and general-
ization. This sensitivity can be quantified through the Fisher information matrices,
both classical and quantum, which serve as fundamental tools for analyzing parameter
distinguishability and generalization in the presence of noise [66, 69–71].

3 Fisher Information

From a machine learning perspective, the Fisher information measures the sensitivity
of the output label distribution with respect to changes in model parameters [72–75].
Higher Fisher information indicates that the parameters θ carry more information
about the output label y, enabling more precise parameter estimation and potentially
improving learnability. In a quantum machine learning setting, we must consider clas-
sical and quantum notions of Fisher information to capture the role of quantum states
and measurements fully.

3.1 Classical Fisher Information

Consider a parameterized probability distribution p(y|x; θ), where y ∈ Y denotes the
label and θ = (θ1, . . . , θd) are the model parameters. The classical Fisher information
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matrix (FIM) is defined as:

F(θ)ij =
∑
y∈Y

p(y|x; θ)
(
∂ ln p(y|x; θ)

∂θi

)(
∂ ln p(y|x; θ)

∂θj

)
. (17)

Equivalently, this can be written as:

F(θ)ij =
∑
y∈Y

1

p(y|x; θ)

(
∂p(y|x; θ)

∂θi

)(
∂p(y|x; θ)

∂θj

)
. (18)

The classical FIM quantifies how sensitive the observed label distribution is to small
perturbations of the parameters. PQC measurement outcomes form the probability
distribution. However, in the near-term there is the exponential growth of potential
measurement outcomes as the number of quantum bits increases [76]. This means
many measurement outcomes might never appear, although with minimal probability,
causing instability in classical Fisher information matrix computation [71, 73].

3.1.1 Fisher Information Under a Noisy Channel

When a noisy quantum channel N acts on the underlying quantum state, the probabil-
ity distribution p(y|x; θ) is replaced by p̃(y|x; θ) defined in Eq. (15). The corresponding
noisy classical FIM becomes:

F̃(θ)ij =
∑
y∈Y

1

p̃(y|x; θ)

(
∂p̃(y|x; θ)

∂θi

)(
∂p̃(y|x; θ)

∂θj

)
. (19)

Using the relationship in Eq.(16) and the chain rule, we have:

∂p̃(y|x; θ)
∂θi

= η′ (p(y|x; θ)) ∂p(y|x; θ)
∂θi

, (20)

where η and η′ characterize the noise-induced transformation of the probabilities.
Since η is differentiable, η′ can be approximated by the derivative of η at p(y|x; θ).
The exact form of η depends on the noise model and the measurement basis, but it
is often chosen to be a smooth function that preserves the ordering of probabilities.
Now, substituting Eq.(20) into Eq. (19), we get:

F̃(θ)ij =
∑
y∈Y

[η′(p(y|x; θ))]2

η(p(y|x; θ))

(
∂p(y|x; θ)

∂θi

)(
∂p(y|x; θ)

∂θj

)
. (21)

This expression shows that the noisy classical FIM is the noiseless FIM scaled by
factors depending on η and η′. If η′ ≈ 1, noise minimally affects gradients. If η′ >
1, the model is more sensitive to parameter changes, possibly improving short-term
learnability but risking overfitting. If η′ < 1, the parameter sensitivity is suppressed,
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potentially resulting in slower training and higher bias. These dynamics reflect the
interplay between noise and trainability in quantum machine learning models.

The classical FIM considered so far treats measurement outcomes as classical data.
While this is sufficient for fixed measurements, it does not exploit the full quantum
nature of the underlying states. To fully characterize parameter sensitivity at the
quantum level, one must turn to the quantum Fisher information, which provides
a more fundamental and measurement-independent measure of distinguishability of
quantum states [77–79].

3.2 Quantum Fisher Information

The quantum Fisher information (QFI) [71, 73, 78, 80] generalizes the concept of
Fisher information to the quantum domain. Instead of fixing a particular measure-
ment, the QFI considers the most informative measurement possible. This makes the
QFI a fundamental limit on parameter precision achievable with an optimal choice of
measurement.

3.2.1 Ideal (Pure) States

For a single-parameter family of pure states |ψ(θ)⟩, the QFI is given by [81, 82]:

FQ(θ) = 4
[
⟨∂θψ(θ)|∂θψ(θ)⟩ − |⟨ψ(θ)|∂θψ(θ)⟩|2

]
. (22)

If |ψ(θ)⟩ = e−iGθ|ψ(0)⟩ for some Hermitian generator G, this simplifies to:

FQ(θ) = 4⟨ψ(0)|(∆G)2|ψ(0)⟩, (23)

where (∆G)2 = G2 − ⟨G⟩2.

3.2.2 Noisy (Mixed) States

For a mixed state ρ(θ), the QFI is defined using the symmetric logarithmic derivative
(SLD) Lθ, which satisfies:

∂ρ(θ)

∂θ
=

1

2
(Lθρ(θ) + ρ(θ)Lθ). (24)

The QFI is then:
FQ(θ) = Tr[ρ(θ)L2

θ]. (25)

If ρ(θ) =
∑

i λi(θ)|ψi(θ)⟩⟨ψi(θ)| is the spectral decomposition, following [82] one
can write:

Lθ =
∑
i,j

2

λi(θ) + λj(θ)
⟨ψi(θ)|∂θρ(θ)|ψj(θ)⟩|ψi(θ)⟩⟨ψj(θ)|. (26)

For multiple parameters θ = (θ1, . . . , θd), the QFI generalizes to a matrix known as
the quantum Fisher information matrix (QFIM). The QFIM’s elements can be derived
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from the SLDs corresponding to each parameter, and it encodes the distinguishability
of ρ(θ) in all parameter directions. This multi-parameter QFIM reduces to the single-
parameter QFI if we focus on one parameter at a time.

3.3 Relationship between Classical and Quantum Fisher
Information

Consider a measurement described by a POVM {Mx}, where the probability of obtain-
ing outcome x is p(x|θ) = Tr[ρ(θ)Mx]. The corresponding classical Fisher information
(CFI) is:

FC(θ) =
∑
x

p(x|θ)
(
∂

∂θ
ln p(x|θ)

)2

. (27)

The Quantum Cramér-Rao bound states:

Var(θ̂) ≥ 1

MFQ(θ)
, (28)

where θ̂ is an unbiased estimator, and M is the number of experiments. Since the
QFI represents the maximal information obtainable over all possible measurements,
we have:

FC(θ) ≤ FQ(θ), (29)

with equality when the chosen POVM attains the quantum limit.
This relationship shows that the QFI provides a fundamental upper bound on the

precision achievable by any measurement scheme, making it a key tool in quantum
parameter estimation [71]. Classical Fisher information depends on the chosen mea-
surement, whereas quantum Fisher information is measurement-independent and sets
the ultimate precision limit.

Classical and quantum Fisher information concepts and their interplay form the
foundation for defining complexity measures such as the effective dimension of a
parameter space. The following section introduces the effective dimension and its role
in understanding generalization in quantum machine learning models.

4 Effective Dimension

The notion of effective dimension [57, 66, 83] offers a way to measure the intrinsic com-
plexity of a parameterized quantum model beyond the raw parameter count. While
d is the total number of parameters, many directions in this d-dimensional parame-
ter space may contribute minimally to changes in the model’s outputs. The effective
dimension systematically determines which parameter directions substantially alter
observable outcomes and which do not. This perspective is particularly beneficial for
quantum models, where certain parameter variations may be ”inert” due to noise,
hardware constraints, or limited sensitivity of the state to those parameters.

Mathematically, a large parameter space can still exhibit an effectively smaller
”active” subspace if specific parameters fail to induce meaningful changes in mea-
surement statistics. Informally, one may imagine each parameter as contributing a

11



”direction” along which the quantum state could change. If moving along some direc-
tions hardly affects the measurable quantities, the system effectively behaves as if those
parameters do not exist. In practice, this phenomenon leads to an effective dimension
deff ≤ d. Such a reduction in the dimension of relevant variability can mitigate overfit-
ting in machine-learning contexts but also limit representational capacity if too many
directions are inactive.

A central tool for quantifying parameter influence is the quantum Fisher informa-
tion matrix. For a pure state |ψ(θ)⟩, the QFIM is defined by,

Fij(θ) = 4Re [⟨∂iψ(θ)|∂jψ(θ)⟩ − ⟨∂iψ(θ)|ψ(θ)⟩⟨ψ(θ)|∂jψ(θ)⟩] , (30)

where ∂i |ψ(θ)⟩ denotes the partial derivative of |ψ(θ)⟩ with respect to the i-th param-
eter. Analogous formulations exist for mixed states (detailed in Appendix 3.2.2, see
also [71]). The QFIM captures how sensitively the state responds to small varia-
tions in each parameter. Directions in parameter space that do not appreciably shift
the state’s geometry yield small or negligible eigenvalues in the QFIM, effectively
indicating ”inactive” parameters.

One way to formalize this idea is via the rank of the QFIM:

deff = max
θ∈Θ

rank
(
F (θ)

)
. (31)

If rank
(
F (θ)

)
is less than d, it signifies that some parameters do not induce linearly

independent changes in the quantum state or its measurement outcomes, leading to
deff < d. Consequently, the manifold of states effectively spans fewer directions than
the raw parameter count might suggest.

Rather than only checking the rank, one may study the QFIM’s eigenvalues
{λi}di=1. A common measure is:

deff ≈

(∑d
i=1 λi

)2
∑d

i=1 λ
2
i

, (32)

an expression closely related to the inverse participation ratio. Here, if the QFIM spec-
trum is sharply concentrated in a handful of large eigenvalues, deff remains well below
d. Conversely, if many eigenvalues are comparable, the system effectively leverages a
broader portion of parameter space.

Effective dimension has multifaceted importance in QML. For learning models,
a reduced deff can provide greater robustness against overfitting since only a subset
of parameters drives significant changes in the loss landscape, effectively limiting the
complexity of the model class. A high deff implies that multiple parameters can be
measured with high precision simultaneously. In contrast, a low deff suggests that
sensitivity is concentrated along only a few principal directions. In both settings,
awareness of the effective dimension can guide model selection, training strategies, or
experimental design by highlighting how many ”truly operative” degrees of freedom
the quantum system has.
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Thus, the effective dimension concept refines the naive view of dimensionality by
honing in on the directions in which the model or system genuinely exhibits variability.
By treating parameters that do not measurably alter outcomes as effectively inactive,
deff offers a more precise view of capacity and complexity in quantum models. Com-
bined with the QFIM framework, this facilitates theoretical analyses of generalization,
performance, and practical insights into designing and training near-term quantum
architectures for learning.

5 Generalization bound

Fig. 1: Rademacher Complexity f(d, n) as a function of the number of samples n and
the dimensionality d. We have applied the log scaling on both axes for the third figure
(second row) for better visualization.

In this section, we describe the main contribution of our work by providing a
generalization bound for quantum machine learning models in noisy environments.
Building upon statistical learning theory [12, 84] and quantum information theory [48],
we prove our main result in Appendix [B.2]:
Theorem 5.1. [Generalization Bound for Parameterized Quantum Models] Let
d,N ∈ N and δ ∈ [0, 1). Consider a d-dimensional parameter space Θ ⊂ Rd a
class of quantum machine learning model functions FΘ = {fθ,p : θ ∈ Θ} where
each model output under a noisy channel with noise parameter p ∈ [0, 1) is given
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d k(d) N Third Term, δ = 0.005
1 2.72 8 0.99

10 3.49 13 0.60
100 10.10 102 0.07
1000 31.65 1002 0.01

10000 100.01 10002 0.00
50000 223.61 50002 0.00
100000 316.23 100002 0.00

Table 1: Estimated generalization error scaling for increasing model dimensional-
ity. Each column shows the parameter dimension d, a complexity measure k(d), the
approximate sample size N required to reduce complexity-driven overhead, and the
resulting complexity term of the bound. Higher dimensionality increases complexity,
yet the growth is modest; with sufficient samples, even very high-dimensional models
can achieve negligible complexity contributions.

by: fθ,p(x) = η(p)fθ(x), with η : [0, 1) → (0,∞) a perturbation function satisfying
η(0) = 1. Assume the following:

• Loss Function: The loss l: Y × R → [0, 1] is Lipschitz continuous in its second
argument with Lipschitz constant L > 0.

• Perturbed model bounded gradient: The gradient of the perturbed model fθ,p(x)
w.r.t θ is bounded by the Lipschitz constant Lp

f : ||∇θfθ,p(x)|| ≤ Lp
f ,∀x ∈ X , θ ∈ Θ.

• FIM Lower Bound: Let F(θ) denote the quantum Fisher Information Matrix
associated with the model. Suppose there exists m > 0 such that:√

det(F(θ)) ≥ m > 0, ∀θ ∈ Θ.

Let VΘ be the volume of the parameter space Θ and define:

C ′ = log VΘ − log Vd − logm+ d logLp
f ,

where Vd = π
d
2

Γ( d
2+1)

is the volume of a unit ball in Rd, and Γ(·) is the gamma function.

Then, for any δ > 0, with probability at least 1− δ over the random draw of an i.i.d.
training set D = {(xi, yi)}Ni=1 ∼ P , the following generalization bound holds uniformly
for all θ ∈ Θ:

R(θ) ≤ R̂N (θ) +
12
√
πd exp(C

′

d )
√
N

+ 3

√
log(2/δ)

2N
. (33)

where R(θ) = E(x,y)∼P [l(y, fθ,p(x))] is the expected risk and R̂N (θ) =

1
N

N∑
i=1

l(yi, fθ,p(xi)) is the empirical risk.

Theorem 5.1 provides a data-dependent generalization bound for parameterized
quantum models under noise. It reveals how sample size N , parameter dimension d,
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and model complexity interplay. For large N , the third term ∼
√

log(2/δ)
N becomes neg-

ligible. Consequently, the dominant complexity term 12
√
πd exp(C′/d)√

N
and the empirical

risk R̂N (θ) determine the model’s capacity to generalize.
As d grows large, exp(C ′/d) → 1, so the complexity scales approximately as

√
d.

Intuitively, having more parameters can increase complexity, yet the 1√
N

factor ensures

that as N grows, the model complexity effectively diminishes, improving generalization.
Nevertheless, increasing the dimension d can make generalization more challenging if
the dataset is small.

This bound also emphasizes that, for any fixed d, the complexity term decreases
as N increases, suggesting that, in the limit N →∞, the model’s generalization error
can be made arbitrarily small. However, as shown in Fig. 1 for any finite N , there
is always a non-zero complexity term. Thus, even though we may achieve empirical
risk close to zero, the interplay of dimension and sample size ensures that perfect
generalization is not guaranteed.

To gain further insight, consider:

k(d) =
√
d exp

(
C ′

d

)
.

For large d, k(d) grows slower than linearly but increases with d. Roughly, one requires
on the order of k(d)2 data points to push the complexity-driven error below a thresh-
old of 12

√
π. From table 1, it is apparent that by appropriately increasing the number

of training samples N , one can significantly push down the complexity term, mak-
ing it nearly minimal for large data sets. The practical challenge of generalizing with
high-dimensional parameter spaces can be tackled by ensuring adequate sample sizes.
This aligns with the well-established notion in machine learning that more data leads
towards better generalization. While high-dimensional models might start more com-
plex, the capacity to temper that complexity with larger datasets allows such models
to remain viable, reinforcing that sufficient data can offset the dimensional burden.

The global bound in Theorem 5.1 considers the worst-case scenario over the entire
parameter space Θ. In practice, the learned parameter θ̂ may reside in a much smaller,
effectively low-complexity region after training converges. This motivates local bounds
that yield tighter guarantees.
Corollary 5.2. [Local Generalization Bound] Let the conditions of Theorem 5.1 hold.

Suppose after training, θ̂ is a solution, and consider a local neighborhood Θloc ⊂ Θ
around θ̂ as Θloc := {θ ∈ Θ : ∥θ− θ̂∥ ≤ δ} where δ > 0 but up to global limits. Assume
within Θloc:

• The Fisher Information Matrix remains well-conditioned:
√

det(F(θ)) ≥ mloc > 0.
• The gradients of the perturbed model are bounded locally by Lp

floc
.

15



Define: Cloc = log(VΘloc
)−log(Vd)−log(mloc)+d log(L

p
f,loc), where VΘloc

is the volume
of the local region. Then, with probability at least 1− δ, for all θ ∈ Θloc:

R(θ) ≤ R̂N(θ) +
12
√
πd, exp(Cloc/d)√

N
+ 3

√
log(2/δ)

2N
. (34)

Proof. This follows from Theorem 5.1 by restricting the parameter space to the
smaller, better-conditioned subset Θloc. Replacing global parameters m and Lp

f with

their local counterparts mloc and Lp
floc

, and using VΘloc
in place of VΘ, leads to the

stated local bound. The same Rademacher complexity and covering number arguments
apply over a reduced search space, potentially tightening the bound.

Corollary 5.2 shows that if training converges to a region where parameters vary
less and the Fisher information remains stable, the complexity term decreases. This
improved local conditioning can yield sharper generalization guarantees.
Corollary 5.3. [Effective Dimension and QFIM] Let F(θ) denote the QFIM and
assume:

√
det(F(θ)) ≥ m > 0, ∀θ ∈ Θ. Suppose λ1(θ) ≥ · · · ≥ λd(θ) > 0 are the

eigenvalues of F(θ). For a threshold α > 0, define the effective dimension: deff(α) =
max{r ≤ d : λr(θ) ≥ α, ∀θ ∈ Θ}. Then, applying the reasoning of Corollary 5.2 to an
effective dimension setting, we obtain with probability at least 1− δ:

R(θ) ≤ R̂N(θ) +
12
√
πdeff(α) exp(Cloc/deff(α))√

N
+ 3

√
log(2/δ)

2N
. (35)

Proof. By focusing on the subspace where the QFIM eigenvalues exceed α, we effec-
tively reduce the dimension to deff(α). The argument parallels that of Corollary 5.2,
simply substituting the effective dimension deff(α) and corresponding constants into
the main theorem’s complexity estimates.

Corollary 5.3 underscores that not all parameters are equally relevant for gener-
alization. The effective dimension deff(α) filters out parameter directions that do not
significantly affect the state’s distinguishability. This refinement can yield meaning-
ful, dimension-reduced generalization bounds, bridging the gap between theoretical
complexity measures and practical model performance.

Overall, Theorem 5.1 and its corollaries highlight how the interplay of sample size
N , parameter dimension d, and the geometry of the QFIM govern the generalization
capabilities of quantum machine learning models. The effective dimension perspective
further refines these insights, guiding the design and training of models that achieve
favorable tradeoffs between expressiveness and generalization.

6 Numerical Analysis

Next, we discuss the numerical analysis to validate the proposed theoretical general-
ization bound. Our primary goal is to investigate how the global and local bounds
behave under different noise levels, dataset complexities, and sample sizes. To that
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end, we designed experiments using a quantum neural network with two qubits, evalu-
ated under depolarizing noise with rates p ∈ {0.05, 0.1, 0.5}. By varying p, we examine
mild, moderate, and strong noise conditions, thus assessing the robustness of the
bounds across a spectrum of realistic NISQ-era scenarios. These experiments were per-
formed on two datasets of different complexities: (1) the Iris dataset, restricted to the
first two classes for simplicity, and (2) the Digits (MNIST) dataset, focusing on digits
{0, 1} with features reduced to 8 dimensions via principal component analysis. Ref. [6]
informs that these datasets are real-world dataset representatives of quantum machine
learning tasks for generalization analysis. These datasets are particularly relevant for
the NISQ era as the Iris dataset is small and simple for low-dimensional analysis, while
the MNIST dataset has higher inherent complexity but can be reduced to a manage-
able size for near-term quantum devices. We repeated each experiment three times
to assess the variability of results across multiple runs. This approach allowed us to
examine the bound’s tightness, consistency, and applicability under noise conditions
relevant to the NISQ era.

6.1 Methodology

RX(x1) · · · Rx(xm−1)
Noise
(p)

Rot
(θi)

• Rot
(θk)

• Noise
(p) M

RY (x2) · · · Ry(xm)
Noise
(p)

Rot
(θj)

• Rot
(θl)

• Noise
(p)

Fig. 2: Two-qubit circuit with depolarizing noise channels for noise rate p ∈
{0.05, 0.1, 0.5}, parameterized single-qubit rotations, and controlled operations, pre-
liminary CNOT gate. The Rot (·) is a single-qubit rotation gate with three Euler
angles. θi, θj , thetak and θl are the parameters with distinct three Euler angles. The
measurement is performed on the first qubit on a computation basis.

We employ a 2-qubit parameterized quantum circuit illustrated in Fig. 2 to model
the quantum machine learning task. While the same circuit structure can be applied
to both datasets, more complex datasets might eventually require deeper or more
sophisticated circuits for optimum performance. For a circuit with nlayers layers and
nqubits qubits, d = nlayers · nqubits · c, where c is a constant reflecting the number
of parameters introduced per qubit per layer. For example, with nqubits = 2 and
nlayers = 2, and assuming c = 3 (e.g., for parameterized single-qubit rotations), we
have d = 12. To ensure uniform bounds and consistency, we define the global parameter
space as Θ = [−2π, 2π]d, resulting in a global volume of (4π)d.

The model architecture consists of an embedding layer and a variational quantum
circuit. Classical inputs x ∈ Rm are mapped into quantum states via parameter-
ized single-qubit rotations (e.g., Rx(xi) or Ry(xi)). Noise is incorporated by inserting
depolarizing channels with noise rate p ∈ [0, 1). The model then becomes fθ,p(x) =
η(p)fθ(x), where η(p) scales the expectation value due to noise. This noise has a
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smoothing effect on the loss landscape, reducing gradient magnitudes and enhancing
Fisher Information stability locally.

We train the model by minimizing mean square error loss using a natural gradient
descent method. Gradient estimates are obtained using the parameter-shift rule. We
trained the model for 20 epochs and a fixed number of runs (nruns = 3) to average
the random initialization effects. After training, we defined a local neighborhood Θloc

around θ̂ to ensure the stability of the quantum FIM. We choose a hypercube for
computational simplicity, defined as {θ : ∥θ− θ̂∥∞ ≤ δ}, with a local volume of (2δ)d.
The radius δ is determined by a continuity-based procedure, ensuring that the minimal
eigenvalue or determinant-based quantity of the quantum FIM within Θloc remains
above a fraction (e.g., α = 0.5) of its value at θ̂. This ensures a stable neighborhood
size and minimal conditioning related to the quantum FIM. The value of δ is also
constrained to be within the global limits, for example, α < δ ≤ 2π.

Finally, we compute a local Lipschitz constant Lp
f,loc by sampling gradients within

Θloc and taking the maximum norm. By restricting complexity measures to these
stable neighborhoods, the derived local bound becomes tighter and more representative
of the model’s actual generalization behavior.

6.2 Result

For each dataset, we plot the generalization gap, global, and local bound across varying
sample sizes, layers, and noise rates in Fig. [3,4]. Each plot highlights the generaliza-
tion gap, global bound, and local bound as a function of training size for different
combinations of layers and noise rates. Error bars represent standard deviation over 3
runs. The local bound’s accuracy holds across different model depths, noise levels, and
datasets. The result suggests that focusing on the local geometry around the trained
parameters could get a more realistic and informative assessment of generalization
performance. The generalization gap remains low across all configurations, and we
observe that as the training size increases, the generalization gap tends to decrease or
stay close to minimal values.

The global bound starts at a high level for the Iris dataset but decreases as
the sample size increases. Nevertheless, it remains significantly above the observed
generalization gap, implying a conservative nature typical of worst-case complexity
arguments. In contrast, the local bound is consistently closer to the generalization gap,
though not perfectly aligned. This improved proximity of the local bound suggests
that refining complexity estimates to a stable neighborhood around θ̂ and yields more
noteworthy upper estimates of the risk. The local region’s constraints, influenced by
stable Fisher Information conditions and locally computed Lipschitz constants, appear
to capture the effective complexity more accurately.

On the Digits dataset, the global bound again stands high above the actual gap,
but the local bound offers smaller and more stable estimates. Although not perfectly
matching the gap, the local bound’s relative closeness and a steadier downward trend
as N grows demonstrate that local complexity assessments adapt more naturally to
increasing sample sizes. This adaptability supports the argument that local bounds
are not merely a heuristic refinement but a necessary step toward a more faithful
characterization of generalization in quantum models.
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Fig. 3: Global and local bounds versus the generalization gap for the first two classes
of the Iris dataset. The local bound more closely tracks the observed gap, indicating
a tighter and more accurate estimate of generalization.

With the Iris dataset, where dimensionality and complexity are relatively small,
global and local bounds descend as training grows, and the local bound maintains a
more moderate scale. The Digits dataset experiments, involving larger input spaces
and potentially more complex variations, show that the global bound still inflates
above the actual gap. Yet, the local bound remains stable and moves closer to capturing
the effective complexity of the learned model. This stability and reduced scale in the
local bound, observed across multiple runs and conditions (varying noise rates and
layer counts), supports our theorem 5.1 that local analysis provides a more accurate
and data-dependent complexity assessment.

Despite differences in dimension and complexity, the stable performance of the
same PQC on both Iris and Digits suggests that even a small QNN can learn binary
classification tasks with varying complexity when suitably optimized. However, deeper
or more sophisticated circuits might be needed for more complex versions of the Digits
dataset or other larger-scale problems. Additionally, increasing the depolarizing noise
rate p leads to a narrower range of parameter-space fluctuations, tightening the local
bound but also limiting model performance. This tradeoff between noise robustness

19



Fig. 4: Global and local bounds compared to the observed generalization gap for
MNIST digits {0, 1}. The local bound shows occasional spikes, possibly due to random
parameter initializations, but remains closer to the empirical gap than the global
bound.

and model performance is a common theme in quantum machine learning, and our
results suggest that local complexity-based bounds can help navigate this tradeoff
more effectively.

Thus, the local bound is conceptually appealing and empirically supported. The
differences between global and local complexity trends hint that complexity should not
be viewed uniformly across the entire parameter space. Instead, effective complexity is
sensitive to the region around the trained parameters. Noise, model architecture, and
available data samples interact to create a local landscape where complexity-based
bounds align more with observed performance. A key finding is that global uniform
bounds do not tightly reflect real-world performance when noise is present, creating a
larger theoretical gap. By incorporating noise effects via the effective dimension, our
analysis offers a more accurate account of how noise constrains the model’s capacity.
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7 Discussion

Our approach to quantifying generalization in quantum machine learning places the
geometry of parameterized quantum states at the center of understanding how noise
and finite data affect predictive reliability. The parameter space volume, training
sample size, and the QFIM emerge as central elements governing complexity. The
QFIM, a measure of parameter distinguishability [77, 85, 86], provides insights into
how parameter variations relate to model sensitivity, which can inform stability under
realistic noise conditions. Classical learning theory often relies on measures such as
the VC dimension or the Rademacher complexity [84, 87], yet those concepts lack
a direct connection to the geometric and operator-theoretic properties of quantum
states. Incorporating the QFIM into the analysis integrates geometric and statistical
principles, producing a perspective that relates parameter scaling, data volume, and
controlled complexity growth.

Our framework applies across various parameter dimensions and noise levels, and
the complexity terms depend on volume measures and gradients within parameter
space. The local neighborhood analysis uses the QFIM to focus on parameter regions
where complexity remains stable. The effective dimension, derived from QFIM eigen-
values, provides a mechanism for identifying parameter directions that carry predictive
significance. This approach extends beyond generic notions of large parameter counts
or deep circuits, isolating meaningful subspaces that maintain manageable complexity.
Such reasoning relates to efforts linking trainability to structural properties of param-
eterized circuits [44, 46], introducing a route for shaping model architectures guided
by geometric criteria rather than expansions of parameter space.

The statistics collected from numerical experiments are consistent with the the-
oretical complexity scaling. Larger parameter dimension increases complexity in a
predictable manner related to

√
d, and larger training sizes correspond to lower

complexity-driven errors. These observations connect the theoretical bound directly
to practical scenarios. The observed controlled complexity growth suggests that scal-
ing parameter dimension in quantum models can lead to predictable generalization
behavior, provided the interplay between dimension and data volume is managed. The
results on effective dimension and local parameter neighborhoods yield tools that may
influence the design of parameterized quantum circuits by directing attention toward
stable parameter directions and conditions that maintain balanced complexity.

This line of reasoning extends beyond raw measures of expressiveness, linking the
predictive reliability of trained quantum models to underlying geometric structures.
Conventional arguments about quantum models often revolve around their large state
spaces, yet without quantifying how parameter variations interact with data availabil-
ity and noise. Well-defined complexity bounds clarify that quantum models can retain
consistent behavior as problem sizes grow. Parameters no longer appear as an unstruc-
tured collection but as a network of directions differentiated by QFIM eigenvalues.
Identifying and controlling these directions through appropriate training and archi-
tectural choices may inform research on QML capacity, optimization strategies, and
representational limits [8, 88]. Complexity control is not an abstract ideal; it becomes
tangible through geometric metrics and data-driven constraints.
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By connecting the QFIM to generalization properties, our analysis relates the struc-
tural features of quantum states to the statistical aspects of learning. Instead of relying
on heuristic claims or incomplete reasoning, the results rely on rigorously derived
bound and direct empirical support. The outcome is a systematic view of complexity
emergence and reduction, guiding theoretical analysis and practical implementations
of quantum learning models.

8 Conclusions

Our work utilizes geometric and statistical principles to relate quantum Fisher
information, parameter space volume, and training data to the complexity of learn-
ing in noisy quantum models. The proposed bound and numerical results suggest
that structured parameter subsets, identified through QFIM eigenvalues, provide a
means to ensure stable generalization performance without uncontrolled complexity
growth. This work provides a more nuanced understanding of complexity in quan-
tum machine learning by explicitly linking it to the geometry of quantum states and
the QFIM, complementing previous studies on expressiveness and capacity. While
previous work has explored model capacity and expressiveness in quantum machine
learning [2, 7, 10, 54, 89], this work introduces a framework that directly connects
parameter-dependent complexity to the tangible geometry of quantum states via the
QFIM.

From the perspective of the work proposed here, complexity emerges as a control-
lable quantity, motivating future research that refines parameter selection or training
protocols to preserve stability in large-scale or resource-constrained learning tasks.
Work on adaptive circuit structures, informed by local QFIM-based criteria, may help
identify directions that maintain manageable complexity while improving represen-
tational fidelity. The proposed theorem incorporates noise effects through a general
perturbation function, ensuring that performance remains stable under various con-
ditions. Investigating individual or combined noise channels, diverse parametrization,
or dynamic processes offers avenues for refining model architectures and optimizing
strategies further to enhance adaptability and scalability within the QML context.
The insights presented here may stimulate investigations into hybrid quantum-classical
designs and application-tailored model architectures, paving the way for more robust,
scalable, and interpretable quantum machine learning methods.
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Appendix A

A.1 Parameter Space Geometry

In the main text, we introduced the Fisher information matrix (FIM) F(θ) as a Rie-
mannian metric on the parameter space Θ ⊂ Rd. This induces a natural geometric
structure on Θ: the geodesic distance between θ and θ′ measures how different these
parameter points are in terms of their influence on the model’s predictions rather than
just their Euclidean distance.

For a parameterized model and its associated FIM, we consider the volume element
induced by F(θ):

dV (θ) =
√

det(F(θ)) dθ1 · · · dθd. (A1)

A geodesic ball B(θ, ϵ) of radius ϵ centered at θ has volume

V (θ, ϵ) =

∫
B(θ,ϵ)

dV (θ′) =

∫
B(θ,ϵ)

√
det(F(θ′)) dθ′. (A2)

If
√

det(F(θ)) is bounded by a positive constant m > 0, then for small ϵ, we can
approximate:

V (θ, ϵ) ≈ Vdϵd
√

det(F(θ)) ≥ Vdϵdm, (A3)

where

Vd =
πd/2

Γ
(
d
2 + 1

)
is the volume of the unit ball in Rd. Intuitively, a lower bound on

√
det(F(θ)) ensures

that geodesic balls are not ”too small,” implying fewer truly distinct parameter config-
urations at ϵ. This geometric insight underpins the covering number bound we discuss
next.

A.2 Covering Numbers of a Parameter Space

The covering number of a parameter space Θ measures how many balls of radius
ϵ are required to cover the entire space. Since the FIM provides a natural measure
of distinguishability, a lower bound on

√
det(F(θ)) relates volumes of small balls to

parameter distinguishability.
Lemma A.1 (Covering Number and Volume). Let Θ ⊂ Rd be a compact parameter
space with volume VΘ. Assume that the determinant of the Fisher Information Matrix
F(θ) satisfies: √

det(F(θ)) ≥ m > 0, ∀θ ∈ Θ.

Then, for any ϵ > 0, the covering number N(ϵ,Θ, || · ||) of Θ with respect to the
Euclidean norm || · || satisfies:

logN(ϵ,Θ, || · ||) ≤ C − d log ϵ, (A4)
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where C = log VΘ− log Vd− logm and Vd = π
d
2

Γ( d
2+1)

is the volume of a unit ball in Rd.

Proof. Consider an ϵ-ball around θ:

V (θ, ϵ) ≥ Vdϵdm.

To cover Θ, the total volume of N such balls must be at least VΘ. So we have:

N(ϵ,Θ, || · ||) ≤ VΘ
Vdϵdm

. (A5)

Taking the logarithm:

logN(ϵ,Θ, | · |) ≤ log VΘ − log
(
Vdϵ

dm
)

= log VΘ − log Vd − logm− d log ϵ
= C − d log ϵ.

This completes the proof of lemma (A.1).

The inequality (A4) shows how covering numbers scale with dimension d and
resolution ϵ. Smaller ϵ or larger d requires more balls, thus more complex model classes.
Conversely, a larger m reduces complexity by ensuring a certain ”geometric rigidity”
in the parameter space.

Appendix B

B.1 Bounding Empirical Rademacher Complexity

We now relate covering numbers to the empirical Rademacher complexity R̂N (FΘ)
of the model class FΘ = {fθ,p : θ ∈ Θ}. The Rademacher complexity quanti-
fies the model’s capacity to fit random noise and thus provides an upper bound on
generalization error.
Lemma B.1 (Empirical Rademacher Complexity Bound). Let FΘ = {fθ,p : θ ∈ Θ}
be a model function class. Let D = {xi, yi}Ni=1 be a dataset of N samples drawn from
the distribution P . Assume that fθ,p is bounded by the Lipschitz constant Lp

f and
the determinant of the quantum Fisher information matrix is at least m. Then the
empirical Rademacher complexity of the model class FΘ is bounded by:

R̂N (FΘ) ≤
6
√
πd exp

(
C′

d

)
√
N

(B6)

where C ′ = log VΘ − log Vd − logm+ d logLp
f .
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Proof. Given a dataset D = {xi, yi}Ni=1 the empirical Rademacher complexity of a
model class FΘ is defined as:

R̂N (FΘ) = Eσ

[
sup
f∈FΘ

N∑
i=1

σif(xi)

]
, (B7)

where σ = {σi}Ni=1 are i.i.d Rademacher random variables. taking values in {−1,+1}
with equal probabilities. Dudley’s entropy integral provides an upper bound on the
empirical Rademacher complexity in terms of the covering numbers. If we let ∥ · ∥2,D
be the empirical L2-norm over the sample D, we have:

R̂N (FΘ) ≤
12√
N

∫ ϵmax

0

√
logN(ϵ,FΘ, || · ||2,D) dϵ. (B8)

where N(ϵ,FΘ, ||·||2,D) is the covering number of FΘ with respect empirical L2 metric:

||f−g||2,D =

(
1
N

N∑
i=1

(f(xi)− g(xi))
) 1

2

and ϵmax = sup
f∈FΘ

||f ||2,D. Since fθ,p is bounded

by the Lipschitz constant Lp
f , we can write: ||fθ,p−fθ′,p||2,D ≤ Lp

f ||θ−θ′||, ∀θ, θ′ ∈ Θ.
This implies that an ϵ-cover of Θ with respect to the Euclidean norm || · || is also an
ϵLp

f -cover of FΘ with respect to the empirical L2 metric. Using Lemma A.1, we can
write:

logN(ϵ,FΘ, || · ||2,D) ≤ logN(
ϵ

Lp
f

,Θ, || · ||)

≤ C − d log

(
ϵ

Lp
f

)
= C − d

(
log ϵ− logLp

f

)
=⇒ logN(ϵ,FΘ, || · ||2,D) ≤ C ′ − d log ϵ, (B9)

Substituting this result into into Eq. (B8) gives:

R̂N (FΘ) ≤
12√
N

∫ ϵmax

0

√
C ′ − d log ϵ dϵ. (B10)

We perform the elementary calculus in the following derivations, and if the reader
trusts our calculations, they may skip the following steps.

Let t = − log ϵ, so ϵ = e−t and dϵ = −e−tdt. The limit changes as: when ϵ =
ϵmax, t = log ϵmax and as ϵ decreases from ϵmax to 0, t increases from − log ϵmax to 0.
Thus:

R̂N (FΘ) ≤
12√
N

∫ 0

− log ϵmax

√
C ′ − d log e−t − e−tdt
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Assuming ϵmax = 1 (since fθ,p(x) is bounded in [0,1]), we have t = 0 at ϵ = 1, so:

R̂N (FΘ) ≤
12√
N

∫ ∞

0

√
C ′ + dt e−tdt

To make the derivation easier, let us define:

I =

∫ ∞

0

√
C ′ + dte−tdt (B11)

Let S = C ′ + dt, then t = S−C′

d and dt
dS = d

dS

(
S−C′

d

)
=⇒ dt = dS

d and e−t =

e
−
(

S−C′
d

)
= e

C′
d e

−S
d . Since, C ′ and d are constants, we can write:

I =

∫ ∞

C′

√
Se

C′
d e

−S
d
dS

d
=
e

C′
d

d

∫ ∞

C′

√
Se

−S
d dS

Let u = s
d =⇒ s = du and ds = ddu. Thus,

I =
e

C′
d

d

∫ ∞

C′
d

√
due−ud(du) = e

C′
d

√
d

∫ ∞

C′
d

u
1
2 e−udu

This integral is the gamma function and can be written as: I = e
C′
d

√
dΓ
(

3
2 ,

C′

d

)
. Since

Γ(s, a) ≤ Γ(s) for a > 0, and Γ
(
3
2

)
frac

√
π2 we can write:

I ≤ eC′
d

√
d

√
π

2
(B12)

Substituting this back into Eq. (B8), we get:

R̂N (FΘ) ≤
6
√
πd e

(
C′
d

)
√
n

(B13)

This completes the proof of the lemma (B.1).

This lemma encapsulates how geometry (via quantum FIM) and parameter space
volume control Rademacher complexity. As N grows, the complexity term diminishes,
indicating improved generalization potential.

Next, we discuss how the Rademacher complexity bound can be used to derive a
generalization bound for quantum machine learning models.
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B.2 Generalization Bound

We now derive the generalization bound proposed in Theorem 5.1 in the main text.
The bound follows from standard statistical learning theory and the Rademacher
complexity result obtained above.
Theorem B.2 (Restatement of Theorem 5.1). Let d,N ∈ N, δ ∈ (0, 1), and consider
a parameter space Θ ⊂ Rd. The quantum model class FΘ = {fθ, p : θ ∈ Θ} with noise
parameter p ∈ [0, 1) satisfies fθ,p(x) = η(p)fθ(x) with η(0) = 1. Assume:

• The loss l : Y × R → [0, 1] is Lipschitz continuous in its second argument with
constant L ≤ 1.

• The model gradients are bounded as: ∥∇θfθ,p(x)∥ ≤ Lp
f .

• The quantum FIM satisfies
√

det(F(θ)) ≥ m > 0.

Define C ′ = log VΘ − log Vd − logm+ d logLp
f .

Then with probability at least 1-δ over an i.i.d. sample D = {xi, yi}Ni=1 of size N ,

R(θ) ≤ R̂N (θ) +
12
√
πd exp(C ′/d)√

N
+ 3

√
log(2/δ)

2N
, (B14)

uniformly for all θ ∈ Θ.

Proof. A standard result in learning theory states that with probability at least 1− δ:

R(θ) ≤ R̂N (θ) + 2R̂N(L) + 3

√
log(2/δ)

2N
, (B15)

where L = {(x, y) 7→ l(y, fθ,p(x)) : θ ∈ Θ}.
Since l(y, ŷ) is Lipschitz with constant L and fθ,p(x) is bounded by Lp

f , it follows

that L has Rademacher complexity at most L · Lp
f . Applying Lemma B.1:

R̂N (L) ≤ LLp
f

6
√
πd exp(C ′/d)√

N
.

For L ≤ 1, this simplifies directly to:

R̂N (L) ≤ 6
√
πdexp(C ′/d)√

N
.

Substitute back into the generalization inequality:

R(θ) ≤ R̂N (θ) + 2 · 6
√
πd exp(C ′/d)√

N
+ 3

√
log(2/δ)

2N
.
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This gives:

R(θ) ≤ R̂N (θ) +
12
√
πd exp(C ′/d)√

N
+ 3

√
log(2/δ)

2N
,

matching the statement of Theorem 5.1.

This completes the proof of the generalization bound for theorem 5.1. The interplay
between Fisher information geometry, covering numbers, and Rademacher complexity
provides a path from parameter space properties to explicit generalization guarantees.
In practice, after training, restricting to local regions or reducing dimension to the
effective dimension often yields sharper bounds.
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